Calculation of longitudinal polarizability and second hyperpolarizability of polyacetylene with the coupled perturbed Hartree-Fock/Kohn-Sham scheme: Where it is shown how finite oligomer chains tend to the infinite periodic polymer J. Chem. Phys. 136, 114101 (2012) We compute molecular Hartree-Fock-Kohn-Sham correlation potentials from ab initio coupled-cluster densities via a modified Zhao, Morrison and Parr ͓Phys. Rev. A, 50, ͑1994͒ 2138͔ scheme involving exact exchange. We examine the potential for several small systems, and observe complex structure. By fitting a functional expansion to our potentials we obtain a closed-shell functional which is an improvement over other pure correlation functionals in Hartree-Fock-Kohn-Sham calculations. The leading term in our functional is dependent on the number of electrons. Our results lead us to question the utility of correlation defined within the Hartree-Fock-Kohn-Sham scheme, and to consider alternative partitionings of the exchange-correlation energy. © 1997 American Institute of Physics. ͓S0021-9606͑97͒00429-7͔
I. INTRODUCTION
In recent years Kohn-Sham density functional theory 1, 2 has become a very popular technique in quantum chemistry. The Kohn-Sham orbitals are the eigenfunctions of a oneelectron operator involving the multiplicative exchangecorrelation potential, which is the functional derivative of the exchange-correlation energy functional. One possible way forward in Kohn-Sham theory is to use ab initio electron densities to compute exchange-correlation potentials, and then go on to construct functionals through least-squares refinement to these data. 3 We are actively pursuing this approach.
An alternative density functional formalism is HartreeFock-Kohn-Sham ͑HFKS͒ theory. 2, 4 In this method the exchange-correlation functional is partitioned as
where E x HF is the Hartree-Fock orbital exchange functional, which for closed-shell systems is 
͑2͒
and E c is the HFKS correlation functional. The resulting one-electron equations involve the regular non-multiplicative exchange operator, together with the HFKS correlation potential
.
͑3͒
The aim of this paper is to compute and present molecular HFKS correlation potentials, and use this data in a leastsquares procedure to construct new HFKS correlation functionals. Several workers have computed correlation potentials through an alternative partitioning involving the optimized effective potential ͑OEP͒. 5, 6 In particular we refer to the work of Smith, Jagannathan and Handler, 7 Pedroza, 8 Aryasetiawan and Stott, 9 Sahni, Gruenebaum and Perdew, 10 Almbladh and Pedroza, 11 Davidson, 12 Umrigar and Gonze, 13 and Chen et al. 14 These studies have focused largely on twoelectron systems where the two partitionings are equivalent, and where the potential can be obtained from a simple numerical inversion of the Kohn-Sham equations. For larger molecular systems, however, we must consider a new method for computing HFKS potentials. One possible approach is to modify existing techniques for computing exchange-correlation potentials. Gritsenko et al. 15 have described a modification of their scheme, although their correlation potentials are not those of HFKS theory. In sections II and III we describe a modification of the Zhao, Morrison, Parr procedure, 16 involving the addition of the Hartree-Fock orbital exchange functional, where the resulting potentials are those of HFKS theory, to within an additive constant. In section IV we examine the behavior of our computed correlation potentials, and in section V we report our attempts to least-squares fit a functional expansion derivative to the potentials. Our conclusions are presented in section VI.
II. THE COMPUTATION OF v c (r)
We have previously used the Zhao, Morrison, and Parr
16
͑ZMP͒ method for calculating exchange-correlation potentials, and we now describe a variant ͑hereafter termed ZMPX͒ for computation of closed-shell HFKS correlation potentials. In HFKS theory, the total electronic energy functional is 
E͓͔ϭE
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͑5͒
Following ZMP we enforce the constrained minimization in Eq. ͑5͒ through a Lagrange multiplier associated with the self-repulsion quantity 
ϭ0, ͑6͒
and we introduce the usual Lagrange multipliers ⑀ i for diagonal orthonormality constraints. Explicit functionals of the density are added to bring the Lagrangian into the usual HFKS form, and minimization with respect to orbital variations gives the one-electron equations
where
Given that (r)ϭ 0 (r) at the solution point, the Lagrange multiplier must be infinite. Identifying Eq. ͑7͒ as the HFKS equations therefore gives the HFKS correlation potential as lim →ϱ v C (r) to within an additive constant ͑since the ZMPX potential vanishes asymptotically by construction͒. Also observe that the exact exchange gives a self-interaction free correlation potential and so there is no reason to add the Fermi-Amaldi factor (1Ϫ1/N) 18 used in the regular ZMP method. We have incorporated the above procedure in our original ZMP code 19, 20 which uses a quadratically convergent SCF scheme as described by Bacskay.
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III. Finite-basis, finite-lambda ZMPX methods
The ZMPX method yields the correlation potential that gives the input density 0 (r), and so is limited by the accuracy of the ab initio density used. In our studies we use Brueckner Doubles ͑BD͒ relaxed densities generated using CADPAC 22 with Gaussian TZ2P basis sets. These basis sets are Dunning contractions 23 of Huzinaga primitive sets. 24 For B, C, N, O, F and Ne, it is a 10s6p to 5s4p contraction with two sets of polarization functions with exponents 1.05 and 0.35, 1.2 and 0.4, 1.35 and 0.45, 1.35 and 0.45, 2.0 and 0.67, and 2.4 and 0.6 respectively. For Li and H the contractions are 10s to 4s and 5s to 3s respectively and the two sets of polarization functions have exponents 0.4 and 0.1 and 1.5 and 0.5 respectively.
It is possible that the input BD density may not be noninteracting v-representable, in which case taking the limit →ϱ will give incorrect results. However the success of the various schemes to compute exchange-correlation potentials indicates that this problem, for the equilibrium ground-states of molecules, remains a formal one.
A problem of much greater importance is the finite basis used to solve the ZMPX equations. There will always be a residual error in the density because the correlated density is not exactly representable by a single Kohn-Sham determinant in a finite basis. Consequently, taking the limit →ϱ will result in a potential and eigenvalues that diverge with increasing . In our previous investigations of the ZMP equations we determined an optimum value of the Lagrange multiplier opt ZMP by expanding the residual quantity ͉͐ (r)Ϫ 0 (r)͉dr for large 20 , but such expansions do not work well in the ZMPX scheme. However the similar dependence of ⑀ homo ZMP and ⑀ homo ZMPX suggests that we may still use opt ZMP in our calculations. We were encouraged by the agreement between our correlation potential for He ͑determined with opt ZMP ) and that of Umrigar and Gonze, 13 obtained from an accurate numerical inversion of the Kohn-Sham equations. For the set of ten molecules studied in this paper, we use ϭ900.
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IV. FEATURES OF v C (r) AND ⑀ homo
In Figures 1͑a͒-1͑d͒ we present plots of the correlation potential for Ne, N 2 , F 2 , and CO. The correlation potentials are approximately an order of magnitude smaller than the corresponding exchange-correlation potentials presented in Ref. 20 . We expect the general features to be correct, but the small magnitude of the correlation potentials suggests that the quality of the basis sets, the input density, and particularly the choice of will limit the accuracy. We observe rich structure in the potential which oscillates between negative and positive values, which is in agreement with previous observations. [7] [8] [9] [10] [11] [12] [13] [14] For Ne, the early turning points coincide with those of the radial density distribution. The oscillatory nature suggests that any successful fit to v c (r) will require high-order gradient terms, such as the Laplacian of the density ٌ 2 . Despite the complicated behavior of v c (r) there are certain general features we can understand. Hartree-Fock theory is well-known to produce shell structure in the radial density distribution of atoms. It is instructive to see how this arises in the He atom in the RHF theory for which
If we solve this equation iteratively and substitute exp(Ϫ␣r 1 ) as a first guess, 25 we obtain an additional turning point in ٌ 2 ͑indicative of shell structure 26 ͒ from the turning point in the Coulomb potential. However a more flexible unrestricted and correlated wavefunction will give a density with additional shell fine structure. The analogous HFKS theory must reproduce the additional shell fine structure associated with the correlation and this is one reason for the highly oscillatory correlation potential.
A universal observation in the systems studied is a negative v c (r) near the nucleus, which contracts the HF density near the nucleus. This is consistent with previous studies of correlation potentials in neutral systems. [7] [8] [9] [10] [11] [12] [13] [14] Particularly interesting is the fact that v c (r) at the nuclei is related to the atomic electronegativity. This can be clearly seen when comparing the plots for the isoelectronic molecules, CO and N 2 . If we examine the N 2 plot we also observe large oscillations between the atoms and unlike in the exchange-correlation potential, 20 at the bond midpoint there is a minimum rather than a maximum. The frequency of the oscillations decreases away from the nuclei. We observe that the magnitude of the correlation potential is relatively large everywhere in the F 2 molecule, which may be related to the poor Hartree-Fock description of this system.
We now consider the behavior in the core and asymptotic regions. Accurate studies of the correlation potential 13 have shown that it is approximately quadratic near the nucleus. We observe the correct quadratic behavior, although our input densities are poor near the nucleus since we use Gaussian basis sets which cannot reproduce the cusp in the density. Chen et al. 14 have recently proposed that at large r, v c (r) approaches its asymptotic limit from above if IϽϪ⑀ homo HF , and that the converse is also true. This rule they interpret in terms of first-order perturbation theory where IϳϪ͑⑀ homo HF ϩ͗ homo ͉v c ͉ homo ͒͘.
͑11͒
We have examined the correlation potential far away ͑15 a o ) from the origin in our ten systems. Although we might ex-FIG. 1. The ZMPX correlation potential ͑in a.u.͒ for ͑a͒ Ne, ͑b͒ N 2 , ͑c͒ F 2 , and ͑d͒ CO. For Ne the potential is plotted against r. For the diatomics it is plotted along the bond axis, for zero radial distance. pect from the above rule that the potential should generally be positive far away we do not observe this behavior. However our potentials far away exhibit slow oscillatory behavior which is probably an artifact due to the inaccuracy of the input density at long range. Thus we cannot draw definite conclusions concerning the above rule.
In figures 2͑a͒ and 2͑b͒ we compare the ZMPX correlation potential for Ne with the potentials of the local VWN 27 and gradient-corrected PW91C [28] [29] [30] functionals. These potentials completely fail to reproduce the complex features of v c (r). This is in keeping with previous observations 31 that existing correlation functionals, despite giving good total energies, give poor potentials and thus poor densities and ionization energies. How can a potential with such poor behavior give a good energy? We suggest that total energies do not give strong bounds on the behavior of v c (r). A plausible justification is provided by the upper bound for the KohnSham correlation energy 32 E c рϪ ͵ ͑r͒r•ٌv c ͑ r͒dr.
͑12͒
Although the KS correlation energy defined in Ref. 32 is not the same as the HFKS correlation energy defined by the partitioning of Eq. ͑1͒, they are numerically very similar, 14 and thus we might expect the same bound to hold for the HFKS correlation energy as well. We observe from figures 2͑a͒ and 2͑b͒ that the VWN and PW91C potentials are generally negative ͑the Jacobian effectively eliminates the positive divergence in PW91C͒ and increase smoothly with ͉r͉ and thus will give negative correlation energies despite having such poor behavior.
Finally we observe that the HOMO energy determined by our scheme, ⑀ homo ZMPX , is generally closer to ϪI than ⑀ homo HF ͑see the values in Table II͒ . We expect this behavior of a correlation potential which vanishes at infinity and which is approximately parallel to the exact correlation potential. 33 This confirms the accuracy of our procedure and our input density. In the cases where the Hartree-Fock eigenvalue is closer, we attribute this to fortuitous cancellation of correlation and relaxation effects.
V. FUNCTIONAL EXPANSIONS
In this section we describe our attempts to construct HFKS correlation energy functionals by least-squares refinement to ZMPX correlation potentials. We choose a functional form for E c containing variable parameters, and compute its functional derivative v c We note that if we include infinite flexibility in our functional and carry out the minimization above over all densities, we will recover an exchange-correlation functional which differs from the exact exchange-correlation functional only by terms which functionally differentiate to zero. Here we use BD densities and density gradients, and ZMPX correlation potentials ͑which are approximately parallel to the true correlation potentials, but may differ by an additive constant͒ and carry out the minimization over a training set of 
and a gradient-corrected form
dr. ͑17͒
In our previous attempts to fit functional expansions to ZMP exchange-correlation potentials we have found that a positive term, proportional to the number of electrons, must be added to the energy functional to obtain accurate energetics.
3 This term introduces a constant into the potential, which consequently does not vanish asymptotically, and is consistent with the need to average over the discontinuity in the exchange-correlation potential as the electron number crosses integer. In Kohn-Sham theory it can be shown 34, 35 that for an open-shell system where ⑀ homo ϭ⑀ lumo , the asymptotic potential is (IϪA)/2 where I and A are the ionization potential and electron affinity respectively. In HFKS theory, matters are complicated by the presence of exact exchange. However from the above, we should not be surprised if we have to add analogous terms in our fits to HFKS correlation potentials. We note that Liu and Parr 36 also explicitly introduce a term proportional to the number of electrons when they fit correlation functionals to total energies, and many other researchers have also pointed out the need for explicitly N-dependent functionals.
12,37
A. Fitting to the correlation potential
We have investigated how well the above forms can represent the correlation potential. Increasing the value of the parameter a in Eq. ͑13͒ reduces the percentage error, and we feel that a value of 2/3 is near-optimal. Comparing F nlin with F lin we find little improvement in optimizing the powers as well as the linear coefficients, and the optimization becomes sensitive to the starting guess. It is more desirable to add more terms to F lin , which follows from the fact that the correlation potential is not easily fitted to a short truncated expansion in powers of and x. Unfortunately, increasing the number of parameters can introduce numerical instabilities and successive coefficients alternate in sign. The results using the Padé forms were disappointing. Substantially more work is needed to optimism Padé forms as the non-linear fits are sensitive to the starting position. In this work we will therefore concentrate on a 12 parameter linear expansion denoted F lin 12 whose optimized parameters are presented in Table I .
The ⍀ value for this functional is 0.669 which compares with a reference value
of 0.844, giving a percentage error (100%ϫ⍀/⍀ ref ) of almost 80%. However, in figure 2͑c͒ we compare the Ne potential associated with F lin 12 with the ZMPX potential, and there is reasonable qualitative agreement. The large percentage error in the fit is not simply a result of the oscillatory nature of the potential Ϫ we can fit very well to any single system ͑with errors of only 10%͒. Instead it demonstrates that v c (r) is a highly non-local potential and it is this nonlocality which produces the wide variety of oscillations in the different systems.
The failure of all of the above forms to fit the correlation potential highlights the complex nature of the correlation in conventional post-Hartree-Fock techniques. Certainly if we include higher derivatives and more terms in the functional expansion then we can expect a better fit. However we must question whether it is sensible to fit to the correlation potential as defined by the partitioning of Eq. ͑1͒. We have obtained significantly smaller percentage errors when fitting to the exchange-correlation potential as a whole, 3 which would suggest some cancellation of non-locality in v xc (r). Indeed, this is consistent with the recent observation that subtracting the Fermi-Amaldi potential ͑which in some respects represents exchange in regular ZMP theory͒ from the ZMP exchange-correlation potential results in a potential which is more non-local than v xc (r) itself. 20 Our results highlight the fact that if we are to partition the exchange-correlation energy and fit to the residual correlation potential, we must optimize the partitioning to minimize the non-locality. In the light of these comments we suggest that the hybrid functionals introduced by Becke, 38 which include only a fraction of the true exchange, may offer the flexibility to find some optimized partitioning.
B. Performance of the fitted functional
In this section we examine the performance of the F lin 12 functional defined in Table I . Despite the poor overall fit, we might expect this functional to give a better potential than existing functionals in some ''average'' way. The functional derivative of F lin 12 vanishes at infinity although, being a functional of and ͉"͉ alone, it must diverge at cusps in the density. 13 In Tables II-VI we examine self-consistent eigenvalues, geometries, and total energies for molecules both present and absent from the training set. We compare our HFKS F lin 12 results with those from HFKS calculations using the VWN and PW91C functionals. We denote these methods VWN x and PW91C x where the subscript denotes exact exchange. We also present Hartree-Fock ͑H-F͒ and Kohn-Sham BLYP results. All calculations were performed using large quadrature grids and TZ2P quality basis sets as described previously.
In Table II we present self-consistent highest occupied eigenvalues, at optimized geometries, computed using F lin 12 , VWN x , PW91C x , BLYP, and H-F. We also present the nonself-consistent values from the ZMPX procedure. The F lin 12 values are very close to the ZMPX values, demonstrating that our fit accurately describes the asymptotic regions of the ZMPX potential. The F lin 12 values are closer to ϪI than any other method, including Hartree-Fock. In Table III we present values for molecules that are absent from the training set, and draw similar conclusions.
Next consider the optimized geometries in Tables IV and V. The addition of the VWN and PW91C correlation functionals to the Hartree-Fock functional results in a significant shortening of the bond lengths. Hartree-Fock theory is known to underestimate bond lengths, 31, 39 and so the accuracy of these post-Hartree-Fock methods is poorer still. This can be traced to the introduction of dynamic correlation, and is consistent with our view that fitting to energies alone does not always yield accurate functionals. In contrast, the effect of our F lin 12 correlation functional is generally to lengthen the bonds, resulting in an improvement over Hartree-Fock theory. This is again a result of our better representation of the correlation potential, which determines the nuclear derivative of the HFKS correlation energy.
For molecules outside the training set the mean absolute error (⌬ϭ0.027 Å͒ with F lin 12 rises considerably, as does that of H-F (⌬ϭ0.033 Å͒. The main contribution to the absolute error is from the bond length of Li 2 which is overestimated by 0.14 Å with F lin 12 . Disregarding this result, our mean absolute error with F lin 12 (⌬ϭ0.016 Å͒ is again a significant improvement over H-F (⌬ϭ0.026 Å͒. We believe that the poor performance of F lin 12 , and indeed all the other correlation functionals, for Li 2 arises from the poor performance of Hartree-Fock theory for this system.
In Table VI we present the errors in the total energies for various density functionals. The energies of the F lin 12 functional are significantly above the exact values, and following Ref. 3 we examine these errors as a function of the number of electrons. The ratio of the energy error to the number of electrons is more variable than was observed for exchangecorrelation fits, which is what we expect since the correlation energy in one-electron systems is zero. However it is clear that the addition of a term proportional to the number of electrons will still improve the energies significantly. In Table VI As N increases for our systems, our constant does appear to approach Ϫ0.048. Finally we observe that we do not expect a large energy contribution from a highly oscillatory potential, and we observe that this N-dependent term in fact dominates the contribution to the correlation energy. Indeed our value of Ϫ0.0389 is very close to that of Liu and Parr 36 who obtained cϭϪ0.0377 by fitting cN to atomic energies.
VI. CONCLUSIONS
We have computed HFKS correlation potentials from a modified Zhao, Morrison, Parr 16 scheme involving exact exchange. The computed potentials have a highly non-local structure and are chemically interesting as they reflect the nature of the atoms in the molecules. We have attempted to fit the derivatives of functional expansions to these potentials, although we experienced great difficulties due to the non-local behavior. These observations strongly suggest that starting from the HFKS approach to density functional theory is not desirable, despite the small magnitude of the correlation energy defined within the HFKS partitioning. It is well known that VWN x and PW91C x perform poorly, and this can be understood in the light of our results. Our best functional is an improvement over these functionals and Hartree-Fock theory, although it is by no means satisfactory. In line with recent research in this area, we find that a term dependent on the number of electrons does improve the total energies. The constant in the potential arising from this term differs significantly from the constant obtained when we fit to exchange-correlation potentials.
3 Exact exchange clearly has an important influence, and we are continuing to investigate it.
If we are to include exact exchange in density functional theory, then our results emphasize the importance of partitioning the exchange-correlation energy in such a way that the residual is maximally local. A detailed study of this locality is required. We suggest that the flexibility of hybrid functionals may allow us to find such an optimum partitioning. 
